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In this paper we prove that the set of positive odd integers k such that k&2n has
at least three distinct prime factors for all positive integers n contains an infinite
arithmetic progression. The same result corresponding to k2n+1 is also true.
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1. INTRODUCTION
Romanoff [11] proved that the set of positive odd numbers which can
be expressed in the form 2n+ p has positive asymptotic density in the set
of all positive odd numbers, where p is a prime and n a nonnegative
integer. In 1950 P. Erdo s [7] proved that there is an infinite arithmetic
progression of positive odd integers each of which has no representation of
the form 2n+ p. Cohen and Selfridge [5] proved that there exist (infinitely
many) odd numbers which are neither the sum nor the difference of a
power of 2 and a prime power. In [3] Chen proved the following result:
the set of positive integers which have no representation of the form
2n\paqb, where p, q are distinct odd primes and n, a, b are nonnegative
integers, has positive lower asymptotic density in the set of all positive odd
integers. That is, the lower asymptotic density of the set of positive odd
integers k such that k&2n has at least three distinct prime factors for all
positive integers n is positive.
In 1960 Sierpin ski [12] proved that there are infinitely many positive
odd integers k such that k2n+1 is composite for all positive integers n. On
the other hand, Erdo s and Odlyzko [8] showed that the lower asymptotic
density of odd integers k such that k2n+1 is prime for some positive
integer n is positive. In [4] Chen proved that the set of positive odd
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integers k such that k2n+1 has at least three distinct prime factors for all
positive integers n has positive lower asymptotic density.
By Szemere di’s well-known result [14], there exists an arithmetic
progression with any given length in the set of positive odd integers with
positive lower asymptotic density. For further related informations see Guy
[9, A19, B21, F13], Jaeschke [10], and Stanton and Williams [13]. In
this paper, we prove that for each case of k&2n and k2n+1, there exists
an infinite arithmetic progression in the above set of positive odd integers k.
In this paper, by primes we mean positive primes. We call [ai (ni)] ti=1 an
m-covering system if every integer y satisfies y#ai (mod ni) for at least m
values of i. A positive integer d is called a (a, b)-primitive divisor of order
n if d | an&bn and d |% am&bm for all 1m<n.
Definition. [ai (ni)] ti=1 is a (2, 1)-primitive m-covering system if
[ai (ni)] ti=1 is a m-covering system and there exist distinct primes
p1 , p2 , ..., pt such that for each i, pi is a (2, 1)-primitive divisor of order ni
(1it).
For m3 we do not know whether there exist (2, 1)-primitive
m-covering systems. I believe so. For convenience, let
Yr=[k : k>0, 2 |% k, k&2n has at least r distinct
prime factors for all positive integers n],
Gr=[k : k>0, 2 |% k, k2n+1 has at least r distinct
prime factors for all positive integers n].
In this paper the following conclusions are proved.
Theorem 1. Suppose that there exists a (2, 1)-primitive r-covering system.
Then
(i) Yr+1 contains an infinite arithmetic progression;
(ii) Gr+1 contains an infinite arithmetic progression.
Corollary. (i) Y3 contains an infinite arithmetic progression;
(ii) G3 contains an infinite arithmetic progression.
Note. If [ai (ni)] ti=1 is a (2, 1)-primitive r-covering system and p1 ,
p2 , ..., pt are corresponding primes, then the proofs in [3, 4] imply that
d

(Yr+1)
1
2p1 } } } pt
; d

(Gr+1)
1
2p1 } } } pt
,
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where d

(V) is the lower asymptotic density of (V) (see [4]). But the proof
of the present theorem produces a much larger common difference than
2p1 } } } pt , hence, a much weaker lower bound of d
(Yr+1) and d
(Gr+1).
2. PROOFS
For a prime p let lp be the least positive integer l with 2l#1 (mod p), say
2lp=1+ put0 , where u and t0 are positive integer with p |% t0 . We call (q, ;)
a pair associated with p if ;>u and q is a (2, 1)-primitive prime divisor
of order lpp;&u. By the standard method we can prove that p; is a
(2, 1)-primitive divisor of order lpp;&u. Thus, for any nonnegative integer l,
we have
q | 2l&1 is equivalent to p; | 2l&1.
Hence, for any two nonnegative integers u and v, we have
q | 2u&2v is equivalent to p; | 2u&2v.
Proof of Theorem 1(i). Suppose that [ai (ni)] ti=1 is a (2, 1)-primitive
r-covering system and p1 , p2 , ..., pt are corresponding primes. For every i
we take a pair (qi , ;i) associated with pi such that p1 , ..., pt , q1 , ..., qt are
distinct primes (Note that, if k>1 and k{6, then there exists at least one
(2, 1)-primitive prime divisor of order k (See [1], [2], or [15]) ). Take an
integer m such that
2m>p;11 } } } p
;t
t .
Take an integer M satisfying
M#1+2m+2m+1 (mod 2m+2),
M#2ai (mod q ip;ii ), i=1, 2, ..., t.
For a nonnegative integer n, write
M&2n= p:11 } } } p
:t
t K, pi |% K, :i0, i=1, ..., t.
Since [ai (ni)] ti=1 is a r-covering system, n satisfies
n#ai (mod ni)
for at least r values of i. Again, 2ni#1 (mod pi) for each i, we have n
satisfies
2n#2ai (mod pi)
123INTEGERS OF THE FORMS k&2n AND k2n+1
for at least r values of i. Thus, M&2n is divisible by at least r of p1 , ..., pt .
In order to prove the theorem, it suffices to prove that |K |>1. If some
:i;i , then p;ii | M&2
n. Hence
p;ii | 2
ai&2n.
Thus
qi | 2ai&2n.
So qi | M&2n, whence qi | K. Now we assume that :i<; i for all i. It is easy
to prove that
|1+2m+2m+1+2m+2u&2n|2m&1p;11 } } } p
;t
t >p
:1
1 } } } p
:t
t .
So
|K | p:11 } } } p
:t
t =|M&2
n|>p:11 } } } p
:t
t .
That is, |K |>1. This completes the proof of the theorem (i).
Proof of Theorem 1(ii). Similarly to (i), take an integer M satisfying
M#1+2m+2m+1 (mod 2m+2),
M2ai+1#0 (mod qip;ii ), i=1, 2, ..., t.
For a nonnegative integer n, write
M2n+1= p:11 } } } p
:t
t K, p i |% K, :i0, i=1, ..., t.
Similarly to (i), we can prove that if :i;i for some i, then qi | K. If :i<;i
for all i then by
|(1+2m+2m+1+2m+2u) 2n+1|2m&2p;11 } } } p
;t
t &1>p
:1
1 } } } p
:t
t ,
we have |K |>1. This completes the proof of theorem (ii).
Proof of the corollary: Since
A=[0(2), 3(4), 5(8), 9(16), 17(32), 33(64), 1(64)]
and
B=[0(3), 4(9), 2(12), 10(18), 8(24), 16(36), 34(36), 20(48), 44(48),
1(5), 5(10), 3(15), 7(20), 4(25), 14(25), 13(30), 17(40), 9(50),
19(50), 23(60), 53(60), 37(80), 49(100), 77(120), 99(150), 157(160),
199(200), 199(300), 237(480), 157(240), 299(600)]
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are both (2, 1)-primitive 1-covering systems, A _ B is a (2, 1)-primitive
2-covering systems. (In fact Crocker [6] also constructed a (2, 1)-primitive
2-covering systems.) Thus the corollary follows from the theorem.
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